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= Important knowledge

Revisions Part 1: Mathematics

Functions and their derivatives

Be able to find expressions for following summations

Change the order of double summation

The solution to a quadratic equation
Example

Be able to solve simple differential equations
Example 1
Example 2

Integrals

The average of a function on [a, b]
Example 1:
Example 2:
Example 3:

The trapezoid rule in integration
The definition of f;’ f(x)dz and its numerical calculations

The average number of n numbers
Example 1
Example 2

The weighted average of n numbers
Example

Revisions Part 2: Probability

Events and Probability
Vocabulary: events vs probability
Events, operations of events, probability of an event
Mutually exclusive events
Independent events A and B
Conditional probability formula

Random variables and their distribution
Definition
Distribution Function
Continuous random variables ( X > 0)
Discrete random variables

https://actl10001 .netlify.app/docs/learning-outcomes/prerequisite-knowledge/ 1/13



04/08/2021 Important knowledge | ACTL10001 Introduction to Actuarial Studies
Moments of a random variable

Expectation and variance

Moments of the average of iid rv's
Selected distributions

Binomial distribution

Exponential distribution

Uniform distribution

Credit

This is the mathematical and probability knowledge required for this course:

The mathematics part should have been covered in pre-requisite courses. Coverage of probability is less
certain (pun intended @ ) and needed in the second half of the course, so you should review the second
part below with particular care.

1. Revisions Part 1: Mathematics

1.1. Functions and their derivatives

1. Be familiar with functions z%, e®*,In(1 + z)
2. Basic derivatives:

(wa)l — awa—l

(eaa:)l — aeam

1
1+

(a®)' = a®In(a)

(In(1 +2))’ =

3. Taylor's expansion (here for an exponential random variable):

2 123 "

e =1+z+r+ ottt

1.2. Be able to find expressions for following summations
n . n . n
IR
i=1 =1 =1
See Tutorial 0 (Revisions) for solutions.

1.3. Change the order of double summation

1.4. The solution to a quadratic equation
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The equation
az?+br+c=0

has two solutions:

—b+ Vb?2 — 4ac 9
T = , b° > 4ac
2a
—b— Vb2 — 4ac 5
Ty = , b° > 4ac
2a
If b2 — 4ac = 0, the equation has a double solution: £ = ;—:
1.4.1. Example
. . g . 0.5 3
For example, find a value for v such that v € (0, 1) and v satisfies the equation: v — 2v™° + 1= 0.

1
Solution: let v?

_2+4-3 2—v4—3

Ir1 2 1.5, ro = ——= 0.5

We reject the solutionz; = 1.5asx; > 1. Thenv = :cg = 0.5% = 0.25 is the required solution.

1.5. Be able to solve simple differential equations

1.5.1. Example 1

For example, solve
f'(e) =22
with initial condition f(0) = 1.

Solution:

F(z) =£(0) + /0 " f()dt

=1—|—/ 2tdt
0

=1+¢*[g
=1+ 2°

1.5.2. Example 2

Solve
f'(z) = 2f(z)
with initial condition f(0) = 1.

Solution:
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f'(z)
f(z)

=2<= (Inf(z)) =2

= In f(z) — In £(0) = /0 “(n £(2))'dt = /0 “odt = 2%
= In f(z) = 2z = f(z) = *®

1.6. Integrals

1. We have

b
/a f(@)dz = F(b) — F(a),

where F(z) is the anti-derivative of f(z), such that F'(z) = f(=).
2. The integration variable is just a tool, that is,

/ ’ Ha)da = / ’ Hu)d,

it does not matter to use T or y.
3. We have

00 b
$/(; f(z)dz = bliglo/o f(z)dz = Jim F(b) — F(0).

For example:

[o's) b
/ e “dr = lim e “dx
0

b—o0 0
= lim (—e™*|})

b—oo
=1—lime™®
b—a
=1

4. Integration by parts:
b b
/ #(@)g (2)dz =(2)g(@)]’ - / o(@)f'(z)de
b
—7(5)g(b) — f(a)g(a) — / o(@)f'(z)dz

1.7. The average of a function on [a, b]

Let f(z) be a continuous function on [a, b]. Then there exists a point ¢ € [a, b] such that

b
/a f@)do = fQ)(b—a), c€la,b
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Interpretation: f: f(z)dz is the area of the region enclosed by f(z), z-axis,z = a, x = b. f(c)(b—a) s
the area of the rectangle of height f(c) and length (b — a).

o [P f(2)de
Definition: “t3—~

= f(c): the average value of f(x) on [a, b] interval.

1.7.1. Example 1:

f_ll zdx

5 0

fox)=x

The average value of f(z) = 2 on [—1,1]is 0.

1.7.2. Example 2:

fol zdr 1
1-0 2
Lo0) =2
L
-1 i
The average value of f(z) = z on [0,1] is .
1.7.3. Example 3:
[lade 1
2 3

The average value of f(z) = % on [—1,1] is 1.
1.8. The trapezoid rule in integration
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b
[ )z~ 5150+ F@I6 -0

b
x)dz
s $ IO L0y 4 )
fb)-
flay- )
a b

The average value of () on [a, b] can be approximated by £ [f(b) + f(a)].

1.9. The definition of f; f(x)dz and its numerical calculations

/)
/
///,__
)V

NN

/|
ﬁ X X Xk Tt Ky h
%o Xn
b n—1 b—a
[ fado=lm > st (@)
a k=0

wherewoza,wl=a:0+b_T“,...,a:k+1=wk—|—b_T“,...,a:n=b

In the summation in (1) each term represents the area of a rectangle. f(:z:k)b_Ta represents the area of
the k-th rectangle.

Approximations:

1, fa’; f(z)dz ~ f(a)b—a) (n=1)
2. fab fle)dz ~ 52 [f(a) + f (B£2)]
3. [ f(z)dz ~ (b—a) fao)tf@) -t f@n1) 4o average of f(2o), F(z1),- - - » f(Tn1) times (b — a).

4. 1f @ = O,b — 1, fol f(a;)da: ~ f?20)+f(21):...+f(a:n_1) .

Alternatively,
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Y

%

iR
I

N\

Xo

b n
[ fa)de = lim Y f(a)
a k=1

where 1 = o + I’_Ta,:cz =z + b_T“,...,a:n =b.
Approximations:

1. J? f(z)de ~ f(b)(b - a)
2. [y fle)do = 232 £ (252) + 10)]
3. fa f(:c)da: ~ (b _ a) f(w1)+f(z272+...+f(m,,)

1.10. The average number of n numbers

Letzy,xo,...,T, be n numbers. Then

r1+...+T, 1

(I{. X| X2 - Xk 7(k+l”‘1n-| t’i
|

Xn

b—a
n

(2),

n n

is the average value of 1,9, ..., Ty.
1.10.1. Example 1
The average value of 1,2,...,nis

1<~. 1nn+1)

R = —

n = n 2

__ n(n+l) . . . .

where 1 + 2 + 3+...+n = —=5— is given in Tutorial 0.

1.10.2. Example 2

One student took 8 subjects in his first year at University of Melbourne. The results are as follows:

Semester 1: 75, 83, 65, 90; Semester 2: 60, 76, 80, 50.

Then

e 75483465490+ 60+ 76 + 80 + 50 = 579 is the total marks from year 1.

https://actl10001 .netlify.app/docs/learning-outcomes/prerequisite-knowledge/
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« The average mark is 322 = 72.4
75+83+65+90 _ 78.2

604-764-804-50 __
£80+50 _ 66,5

» The average mark for S1is
o The average mark for S2 is

1.11. The weighted average of n numbers

Letzy,22,...,2, be n real numbers.

Let 61,0s,....,0, be nnumbers such that
n
0<60; <1 and ZOizl.
i=1

Then

n
3 b
i=1
is called the weighted average of £1,2,...,x,.

Note:

« 0; is the weight attached to z;.
. iff; = % then

is the average of 1, zs, ..., x, (equally weighted).

1.11.1. Example

In the assessment of ACTL10001, the assignments account for 20%, the mid-semester exam accounts for
10%, and the final exam accounts for 70%. A student got 70 out of 100 for mid-semester result, 95 out of
100 for assignments, and 80 for final exam. Then the overall weighted average mark is

70 x 10% + 95 x 20% + 80 x 70% = 82.

2. Revisions Part 2: Probability

2.1. Events and Probability
2.1.1. Vocabulary: events vs probability
It is important to understand the difference between events and probability:

« Event: what could happen - an actual “thing”, in real life, that could happen;
 Probability: our understanding of the “likelihood” (or frequency) of an event (something that could
occur).

So when we are building a mathematical model for uncertain outcomes:
M /~
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@(he first step is to work out what are all the possible things that could occur (for instance, “rain” or
“no rain”). The full set of those is denote
he second step is to make assumptions about how likely those thifigs dan occur. Heris an
operator that maps an event into a probability. For instance| rain| = 0.2 means that the likelihood
corresponding to the event “rain” is 20%.

In what follows we outline basic results and axioms around events and their probabilities. Often logic

means that a result or definition on one side (e.g. events) can be translated on the other side (e.g.

probabilities).

For instance, the complement to an event is exactly whatever could happen, that is not the event. Hence,
( the probability of the complement must be 1 minus the probability of the original event; see 2.1.2.4 below.

2.1.2. Events, operations of events, probability of an event

1mpty set, that it, it is an impossible event: (
v
0.

Pr(0) =
2. Q: the full set of possible outcomes, that is, it is a certain event: g
Pr(é) =1. P<
A &
3@an event (within Q@S Pr(A) §®

4. AC: the event that A does not occur (called a “complement”):

Pr(fyc) —()- Pr(jl).

5. A(M\B: A and B, the event that both A and B occur.
6. AU B: A or B, the event that either A or B, or both events occur.
7. A C B: If A occurs, B must, and:

/o ﬁr(A) < Pr(B); <

o ANB=A
Example: A = {a 20-year old survives to age 70}, B = {the 20-year old survives to age 50}. Then
ACB.

\

2.1.3. Mutually exclusive events
If ’P\ O
then A and B are mutually exclusive. Also,

Pr(/@?) — Pr(4) + Pr(B). &£

2.1.4. Independent events A and B

If A and B are independent, then
Pr(A N B) =Pr(A) Pr(B).

2.1.5. Conditional probability formula

We have
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Pr(ATB) %

This leads to Bayes' theorem, see for instance this.
Also,

1.1f A C B,then AN B = A and

® @ D Pr(A|B) = gg .

2.1f Aand B are mdependent then L

Pr(AnB) Pr(A)Pr(B)
Pr(B) @ Pr(B)

(A|B) - = Pr(A).

3.1f BC A then AN B = Band

% B Pr(41B) = 3.(B) _

Given B has occurred, A is certain.

2.2. Random variables and their distribution ?‘/
/
2.2.1. Definition

A random variable, denoted by capital Ietters@Y, Z, is a quantity whose value is subject to variations
due to chance.

%
2.2.2. Distribution Function 9/

F\/A'
Definition: /
EeDrrtxso

F(x) is called the distribution function of X, and it has the following properties:

1. F(—o0) = O,F(oo% =1 ‘
2. F($1)<F(w2) i . ‘L
3. F(z) is rlmnt:@m@ﬂ “cadlag”), i.e., lim i_,f FZ = F(zo).

4. F(b) — F(a) = Pr(aS)X @b =% (Xe

6/ T
Je— Fedr-Forr

D

%o
F(a) =Pr(a<
: = Pr( @X < b)
7.F(b)—F(b—-)=Pr(X=0b)>0 &
4
In our subject, we generally assume that X > 0 so that F(z) = 0 for z < 0.

(3 —
— =

2.2.3. Continuous random variables (X > 0) 134

X is said to be a continuous r.v. if X has a probability density function f(z), x > 0, with the following

properties;
1_@ — F'(z). I ~ 9(
: i i isi 10/13
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2. F(z) = f5) f(y)dy.
3. Pl&(c;@ﬁp@ =Pr(a @)X Qb) = Pr(a@ X@b) Pr(a @X@b (:lz)d.'z:
4. F(x) typically looks like -
= -%C
o ORI

1 T

2.2.4. Discrete random variables "

A random variable X is said to be a discrete random variable if X takes values from a countab'fe set of

numbers {&1,T2,...,Zn,-.- }. A

1. Probability distribution of X

where p, = Pr(X = z,),n=1,2,3,...

2.E(X) =37 ZaPn
3. The distribution function F(m) is a piece-wise constant function (also called step function).

Fx)
1 e e e e e ——

r——.‘

2.3. Moments of a random variable

2.3.1. Expectation and variance

Expectation of X:

Variance of X

Furthermore:

1. Var(X) measures the variability of X. The larger the variance, the more variability X has.
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v
2.1f Var(X) =0, ¢ = E(X). There is no variability for X. X is a constant.
3.1f XandY are i(rgzpzendent, then '

Var(X +Y) = Var(X) + Var(Y). J S
4. Var(z\L/X) a,'r(X) \/a', (0.%'-' EZ({D(* fZﬂ)OBZL = ’E[,(fa}(' a tz;é)sg]
- a2 (% E1H)7) = «? EQ-ELD)
= 02 \/OV(X)

2.3.2. Moments of the_average of iid rv's

independently)and identically distributed, with

E(X,) :@a.nd Var(X;)

Assumé X1, Xo,..., X, a

Define

1
ot et
©-5

to be the average of X1, Xs,...,X,. Then

B(Ya) = —(B(Xy) + B(X)+. .. +B(X,)) = %M= p

and : Vav (*;-\ ZX«) = —)\-‘3 Vae (Z)(’> h Lhueg

1 1
Var(Y;) = W(Var(Xl) + Var(Xs)+...+Var(X,)) = 3 o + 0% +...+0?) = ‘7@.

WheaT(Yn) — 0. Thatis to say,asn — 00, Y, @With an infinite sample of X's, you can

estimate [T with certainty.

2.4. Selected distributions

2.4.1. Binomial distribution

I@v Bin@ p), then
n

Pr(X =k) = (k)pk(l —p)"* 0<p<1,k=0,1,2,...,n.

Note:

1. E(X) = np, Var(X) = np(1 — p).

2. F(k) =Pr(X <k) =Y Pr(X =j) =3}, (NP1 —-p)"7, k=0,1,2,...,n.

3. F(2.5) = Pr(X < 2.5) = Pr(X < 2) = F(2). /— —

4. X represents # of successes out of i independent trials, each trail has two outcomes: sucess with
probability p OR failure with probability 1 — p.

28

2.4.2. Exponential distribution

If X ~ Exp(A) then
f(x) = Xe™®, 2> 0,1 > 0.

Note:
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1.F(z)=1—e 2 >0. q
2. B(X) = [°zf(x)dz = [[°[1 — F(z)dz = +.

2.4.3. Uniform distribution 9
If X ~ U(0, M) then (%)

Note: (’\ ,F (){)

\
1.F(w):%0§ z< M. )
2. B(X) = J;" odpda = [(1 - 7)o (%
3. Credit o+ o)

The initial version of those notes were developed by Professor Shuanming Li in 2018. Thesenwere then
transcribed modified and augmented by Professor Benjamin Avanzi in 2021.
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